Landen transformation formulas, which connect Jacobi elliptic functions with different modulus parameters, were first obtained over two hundred years ago by changing integration variables in elliptic integrals. We rediscover known results as well as obtain more generalized Landen formulas from a very different perspective, by making use of the recently obtained periodic solutions of physically interesting nonlinear differential equations and numerous remarkable new cyclic identities involving Jacobi elliptic functions. We find that several of our Landen transformations have a rather different and substantially more elegant appearance compared to the forms usually found in the literature.
Introduction
Jacobi elliptic functions dn(x, m), cn(x, m) and sn(x, m), with elliptic modulus parameter m ≡ k 2 (0 ≤ m ≤ 1) play an important role in describing periodic solutions of many linear and nonlinear differential equations of interest in diverse branches of engineering, physics and mathematics [1] . The Jacobi elliptic functions are often defined with the help of the elliptic integral
Over two centuries ago, John Landen [2] studied the consquences of making a change to a different integration variable
This transformation yields another elliptic integral
It readily follows that [3] dn (1 + k ′ )u,
These celebrated relations are known as the quadratic Landen transformation formulas, or more simply, Landen transformations. They have the special property of providing a non-trivial connection between Jacobi elliptic functions involving two different unequal elliptic modulus parameters m andm, where the transformed modulus parameter ism
It may be noted that in Eqs. (4) to (6), for 0 < m < 1,m is always less than m and also lies in the range 0 ≤m ≤ 1.
There are also similar formulas, known as the quadratic Gauss transformations [4, 5] , where the transformed parameterm is always greater than m. These are obtained by a different change of integration variables t = (1 + k)z 1 + kz 2 .
This transformation yields the elliptic integral
from which it follows that [3] dn (1 + k)u, 4k (1 + k) 2 = 1 − k sn 2 (u, m) 1 + k sn 2 (u, m) ,
cn (1 + k)u, 4k (1 + k) 2 = cn(u, m) dn(u, m) 1 + k sn 2 (u, m) ,
sn (1 + k)u, 4k (1 + k) 2 = (1 + k) sn(u, m) 1 + k sn 2 (u, m) .
In these Gauss transformation formulas, note that for any choice of m in the range 0 < m < 1, the transformed modulus parameterm = 4 √ m/(1 + √ m) 2 is always greater than m but lies in the range 0 <m < 1.
The above described Landen and Gauss transformation formulas are of order two. Subsequently, generalizations of these formulas to arbitrary order p have been studied [6] . The purpose of this paper is to obtain these generalized transformations by an entirely different method. In particular, we have recently shown [7, 8] terms of Jacobi elliptic functions. The purpose of this paper is to argue on mathematical as well as physical grounds that these solutions cannot really be new, but must be re-expressions of known periodic solutions [9] . In the process of proving this, we discover the generalized Landen and Gauss transformations.
As an illustration, let us focus on Eq. (4) first. Using the identity dn
and changing variables to x = (1 + k ′ )u, one can re-write the order two "dn" Landen formula (4) in the alternative form
Here, the right hand side contains the sum of two terms with arguments separated by
, the complete elliptic integral of the first kind [4, 5] . Our generalized Landen formulas will have not two but p terms on the right hand side. We will show that the generalization of Eq. (4) [or equivalently Eq. (12)], valid for any integer p is given by
where
However, if one starts from the "cn" or "sn" Landen formulas of order 2 as given by Eqs. (5) and (6) , the generalization to arbitrary order p is different depending on whether p is even or odd. The main results are:
wherem is as given in Eq. (15), and we have used the notation
Note that all the above formulas have the same non-trivial scaling factor α of the argument x, as well as real shifts which are fractions of the periods of Jacobi elliptic functions. The richness of the generalized results is noteworthy and reflects the many different forms of periodic solutions for nonlinear equations which we have recently obtained [7, 8] . Some formulas involve the sum of p terms, the even p "cn" formula involves alternating + and − signs, and the even p "sn" formula has a product of p terms. In fact, there are also several interesting additional alternative forms for the above results which follow from use of several identities involving Jacobi elliptic functions which we have recently discovered [10, 11, 12] . For instance, we will later show that for odd p, the Landen formulas for dn, cn, sn which have been written above as the sum of p terms, can also be written as the product of the same p terms! Analogous to the generalized Landen transformations mentioned above, we also obtain generalized Gauss transformations in which the parameterm is greater than m. In particular, it is shown that Gauss transformations can be systematically obtained from the Landen transformations of arbitrary order p by considering shifts in the arguments by pure imaginary amounts and making use of the fact that the Jacobi elliptic functions are doubly periodic.
By starting from the generalized Landen transformations discussed above, we show how to obtain
Landen transformation formulas for other combinations of Jacobi elliptic functions like sn(x,m)cn(x,m), 
where a = 2rK(m)/p, x j is as given by Eq. (18) and r is any integer less than p. Combining this identity with Eq. (13), we immediately obtain a novel Landen formula relating dn(x,m) with the left hand side of identity (19).
The plan of this paper is as follows. In Sec. 2 we obtain solutions of the sine-Gordon equation in two different ways and by requiring these solutions to be the same, thereby obtain the Landen transformations for the basic Jacobi elliptic functions dn, cn, sn for both odd and even p. In Sec. 3
we show that these Landen transformations can be expressed in an alternative form. Further, we also
show that for a given p, the relationship betweenm and m is the same, regardless of the type of Landen formula that one is considering. Using these results, in Sec. 4 we obtain Landen transformations for other combinations of Jacobi elliptic functions like sn cn, sn dn, etc. both when p is an odd or an even integer. In Sec. 5 we obtain Gauss transformations of arbitrary order in which the parameterm is always greater than m. This is done by starting from the Landen formulas and considering shifts by pure imaginary amounts instead of real shifts. In Sec. 6 we combine the recently obtained cyclic identities with the Landen formulas, thereby obtaining some unusual new Landen transformations.
Finally, some concluding remarks are given in Sec. 7.
Generalized Landen Formulas
Given the diversity of the generalized Landen formulas for Jacobi elliptic functions, it is necessary to establish them one at a time.
"dn" Landen Formulas
To get an idea of our general approach, let us first focus on the proof of Eq. (13) in detail. Consider the periodic solutions of the static sine-Gordon field theory in one space and one time dimension, that is, consider the periodic solutions of the second order differential equation
Note that the time dependent solutions are easily obtained from the static ones by Lorentz boosting.
One of the simplest periodic solutions of Eq. (20) is given by
where x 0 is an arbitrary constant and this is immediately verifiable by direct substitution. It was shown in refs. [7, 8] that a kind of linear superposition principle works even for such nonlinear equations as a consequence of several highly nontrivial, new identities satisfied by Jacobi elliptic functions [10, 11, 12] .
In particular, one can show [8] that for any integer p, one has static periodic solutions of Eq. (20) given by
where α is as given by Eq. (14).
The question one would like to address here is whether solution (22) is completely new, or if it can be re-expressed in terms of simpler solutions like (21), but where m andm need not be the same. To that end, consider Eq. (20) more generally. We note that on integrating once, we obtain
where C is a constant of integration. Integrating again, one gets
where x 0 is a second constant of integration, which we put equal to zero without loss of generality since it corresponds to a choice of the origin of coordinates. On substituting sin(φ/2) = ψ, equation (24) takes the form dψ
Now the important point to note is that if we perform the integral for different values of C then we will get all the solutions of Eq. (20). Further, if two solutions have the same value of C, then they must necessarily be the same. As far as the integral (25) is concerned, it is easily checked that the three simplest solutions covering the entire allowed range of C are
where 0 ≤m ≤ 1. Note that the constant C has been computed here by using Eq. (23), which in terms of ψ(x) takes the form
Thus, whereas for the solution (27), C lies in the range −2 ≤ C ≤ 2, for the solution (28), C lies between 2 and ∞. Note that for C < −2, there is no real solution to Eq. (25).
Now the strategy is clear. We will take the solution (22) and compute C for it and thereby try to relate it to one of the basic solutions as given by Eqs. (26) to (28). One simple way of obtaining the constant C from Eq. (29) is to evaluate it at a convenient value of x, say x = 0. In this way, we find that for the solution (22), C is given by (27) and (30), we find that the two solutions are identical provided m andm are related by Eq. (15) and hence the appropriate Landen transformation valid for any integer p is given by Eq. (13). Note that when p = 2, one recovers the Landen formula (12), since dn(K(m), m) = k ′ , andm simplifies to
"cn" Landen Formulas
Unlike the dn case, it turns out that in this case the Landen transformation formulas for odd and even p have very different forms. We first derive the form for the odd p case and then consider the even p case.
As shown in ref. [8] , another periodic solution of the static sine-Gordon equation (20) is
with α 1 being given by
Using Eq. (29), we can now compute the corresponding value of the constant C. We obtain
It is easily checked that since 0 ≤ m ≤ 1, C varies from 2 to ∞, and hence the solutions (28) and (31) must be identical. On equating the two values of C as given by Eqs. (28) and (33), we then find that for odd p, the Landen transformation is
wherem 1 is given bym
What happens if p is an even integer? As shown in [8] , in that case another periodic solution of the static sine-Gordon Eq. (20) is
where α 2 is given by
Using Eq. (29), the value of C for this solution is easily computed and we find that 2 ≤ C ≤ ∞. On comparing with solution (28) we find that in this case the Landen formula is
wherem 2 is given bỹ
As expected, in the special case of p = 2, we immediately recover the Landen formula (5).
"sn" Landen Formulas
As in the cn case, here too the Landen formulas for even and odd values of p have very different forms and so we consider them separately.
We start from the sine-Gordon field equation
and look for time-dependent, traveling wave solutions with velocity v > 1 (which are called optical soliton solutions in the context of condensed matter physics). In terms of the variable
Eq. (40) takes the simpler form
Note that the only change from Eq. (20) is an additional negative sign on the right hand side. On integrating this equation once, we obtain
On integrating further, we get dφ
where η 0 is a constant of integration which we put equal to zero without loss of generality. Substituting sin(φ/2) = ψ, yields dψ
If we now perform the integral for different values of C, then we get all the solutions. It is easily checked that the three simplest solutions of Eq. (45) covering the entire allowed range of C are
where 0 ≤m ≤ 1. Note that the constant C has been computed here using Eq. (43), which in terms of ψ takes the form
Thus, for solution (47), C is in the range −2 ≤ C ≤ 2, whereas for solution (48), C lies between 2 and ∞. Note that for C < −2, there is no real solution to Eq. (45).
Using appropriate linear superposition, it was shown in ref. [8] that for odd p one of the solutions of Eq. (42) is given by
with α being given by Eq. (14). Using Eq. (49), we can now compute the corresponding value of C.
We find
where α, α 1 are given by Eqs. (14) and (32) respectively. It is easily checked that since 0 ≤ m ≤ 1, C has values between -2 and 2. Hence the solutions (47) and (50) must be identical. On equating the two values of C as given by Eqs. (47) and (51), we then find that the "sn" Landen transformation formula for odd p is given by
withm 3 and m being related bym
Finally, we turn to the "sn" Landen transformation formula for the case when p is an even integer.
One can show [8] that in this case, a solution to Eq. (42) is given by
Using Eq. (49), we can now compute the corresponding value of C. We obtain
It is easily checked that since 0 ≤ m ≤ 1, the value of C varies between -2 and 2 and hence the solutions (47) and (54) must be identical. On equating the two values of C as given by Eqs. (47) and (56), we find that for even p, the Landen transformation formula is
withm 4 given bym
Not surprisingly, for p = 2 we recover the Landen transformation formula (6) . It is amusing to notice that as m → 0,
At this point, we have generalized all three of the celebrated two hundred year old p = 2 Landen formulas [Eqs. (4), (5), (6) ] to arbitrary values of p, the generalization being different depending on whether p is an even or odd integer. In the next section, we re-cast the formulas in even simpler form. Although several of these Landen formulas are already known [6] , to our knowledge, they have never been derived via the novel approach of this article which makes use of solutions of nonlinear field equations. (4) to (6)]. Similarly, with a little algebraic manipulation, one can show that for p = 3 the corresponding relations arẽ As p increases, the algebra becomes messier and it is not easy to write the corresponding relations betweenm i and m in a neat closed form. However, we can still establish the equivalence of allm i for any given p. For this purpose we equate the periods of the left and right hand sides of the various Landen transformation relations [(13), (34), (38), (52), (57)]. We get:
¿From Eqs. (61), (64) and (65) above, one immediately sees thatm =m 3 for odd p andm =m 4 for even p. In order to establish thatm 1 =m 3 for odd p, we suitably rescale, square and add the Landen transformations (34) and (52). This yields
where the constant C on the right hand side comes from making use of the cyclic identities [10, 11, 12] given in eqs. (105) and (106). Since Eq. (66) is valid for all x, and in particular for x = 0, it follows that C = 1, and hence one must have
This
Consequently, for odd p, the three Landen transformations are
cn(x,m) = α 1
where α, α 1 are given by Eqs. (14) and (32) Likewise, for even p, the three Landen formulas are
cn(x,m) = α 2 
Alternative Forms of Landen Transformation Formulas
Recently we [10, 11, 12] have obtained several new identities for Jacobi elliptic functions. Three of these, valid for odd p, are
Here ds(x, m), etc. are defined by ds(x, m) = dn(x,m)
sn(x,m) . Hence, for odd p, the three Landen transformation formulas can also be written as products (rather than sums) of p terms. In particular, for odd p the three Landen transformation formulas (68) to (70) can also be written in the form
Similarly, for even p, on making use of the identity [10, 11] (m)
where Z(u, m) is the Jacobi zeta function, we can rewrite the Landen formula (73) for sn in the form
We have not seen this particular form for the sn Landen transformation in the mathematics literature.
Here the coefficient multiplying the right hand side of Eq. (81) has been fixed by demanding consistency. From now onward, we shall mostly be using this form of the Landen formula rather than the one given by Eq. (73).
On comparing Eqs. (73), (80) and (81) we obtain an interesting identity
In concluding this section, we note that many of the above derived Landen transformation formulas lead to interesting known trigonometric relations by taking the limiting case m =m = 0. For instance, Eqs. (73), (78) and (79) lead to [5] sin px = 2
cos px = 2
sin px = (−4)
Landen Transformations for Products of Jacobi Elliptic Functions
We shall now show that starting from the Landen formulas for the three basic Jacobi elliptic functions sn, cn, dn, we can obtain Landen formulas for their products and various other combinations.
Any integer p
We start from the basic Landen formula, Eq. (68) valid for any integer p. Differentiating it gives the Landen formula:
For odd values of p, this can also be proved by multiplying the two Landen formulas [Eqs. (69) and (70)] and using the cyclic identity
obtained in refs. [10, 11] . Here r = 1, 2, ..., (p − 1)/2. On the other hand, for even p, multiplying relations (72) and (81) and comparing with identity (86) yields the remarkable identity
Nontrivial results also follow from squaring any of the Landen formulas. For example, squaring the Landen formula (68) and using the cyclic identity
yields the Landen formula for dn 2 , i.e. we get
It is worth noting that the linearly superposed solutions of KdV equation [7] discovered recently, essentially correspond to this Landen transformation.
Differentiating both sides of Eq. (90) yields the Landen transformation for the product sn cn dn of the three basic Jacobi elliptic functions. We obtain
On the other hand, if we integrate both sides of (90) with respect to x, then we simulteneously obtain Landen transformations for both the Jacobi Zeta function as well as the complete elliptic integral of the second kind E(m). In particular, on using the well known formula [4, 5] 
integration of Eq. (90) yields
Here the constant on the right hand side has been fixed by considering the equation at x = 0 and using the fact that Z(x = 0, m) = 0, that it is an odd function of its argument x and that it is a periodic function with period 2K(m). It is now obvious that terms proportional to x on the left and right hand sides must cancel among themselves, since the remaining terms are oscillatory and do not grow. This immediately yields two remarkable Landen transformations:
where use has been made of relation (61). As expected, for p = 2 the Landen transformation agrees with the well known relation given in [4] . However, it seems that the generalized Landen transformation for Jacobi zeta functions is a new result.
Landen formulas for higher order combinations like say dn n (x,m) can be obtained recursively by differentiating the lower order Landen formulas (86) and (92). For example, differentiating relation (86) yields the Landen formula for dn
Odd Integer Case
We start from the two basic Landen formulas, Eqs. (69) and (70) valid for any odd integer p. Differentiating and using the relation betweenm and m, gives the following Landen formulas:
It may be noted that these relations can also be proved by multiplying appropriate Landen formulas 
Before concluding the discussion about the Landen formulas for odd p, we want to point out the consistency conditions which we obtain by demanding dn 2 (x,m) +msn 2 (x,m) = 1, and sn 2 (x,m) + cn 2 (x,m) = 1. In particular, using relations (68) to (70) and demanding these constraints, yields
where in view of the cyclic identities derived in [10, 11, 12] we have
and A d is as given by Eq. (91).
Even Integer Case
We start from the two Landen formulas for even p given by Eqs. (72) and (81). Differentiating them and using the relation form leads to the following Landen formulas:
cn(x,m)dn(x,m) = αα 2
It may be noted that the relation (106) can also be derived by multiplying the Landen formulas (71) and (72) and using the cyclic identity
On the other hand, multiplying relations (71) and (81) and comparing with identity (105) yields a remarkable identity
Landen formulas for higher powers like say sn 2n+1 (x,m) can be obtained recursively from here by differentiating the lower order Landen formulas. For example, differentiation of the relations (105) and (106) gives rise to the following Landen formulas for cn 3 (x,m) and sn 3 (x,m):
Before finishing the discussion about the Landen formulas for even p, we want to point out the consistency conditions which we obtain by demanding dn 2 (x,m) +msn 2 (x,m) = 1, and sn 2 (x,m) + cn 2 (x,m) = 1. In particular, using relations (71), (72) and (81) and demanding these constraints,
where A d is as given by Eq. (91).
Gauss Transformation Formulas
For p = 2, one has the Gauss quadratic transformation formulas [4] as given by Eqs. (9) to (11) The procedure consists of starting with any Landen transformation formula, using the standard results [3, 4] dn(x, m
and then redefining ix = u. Note that
cn(x,m) , etc. In this way, we find that for odd p, the three Landen transformation formulas as given by Eqs. (68) to (70) take the form
sc(x,m) = β 1
It might be noted here that the Landen formula (114) is in fact valid for both even and odd p. On the other hand, for even p, instead of relations (115) and (116) we have the Landen formulas
sc(βx,m)βB 0 = (−i)
where β 2 and B 0 are given by
For odd p,m is now given by
while for even p it is given by
where β, β 1 , β 2 are as given by Eqs. (117), (118) and (121) Before ending this section, it is worth remarking that just as we have considered Landen formulas where the shifts are in units of K(m) or iK ′ (m) on the real or imaginary axis respectively, we can also consider Landen formulas corresponding to shifts in units of K(m) + iK ′ (m) in the complex plane. In this context it is worth noting that by starting from the Landen formulas for p = 2 as given by Eqs.
(4) to (6) , changing m to 1/m, x to kx, and using the formulas
one readily obtains the Landen transformations [3] dn (k + ik
The generalizations of these Landen transformations to arbitrary p is immediate. In particular,
by changing m(m) to 1/m(1/m), changing x to kx and using formulas (125) in the Landen formulas as given by Eqs. (68) to (73), we obtain the corresponding Landen formulas for shifts by complex amounts in units of K(m) + iK ′ (m). For example, for any integer p, we get 
wherem is given bym = δ 2 2 /δ 2 . Here, δ, δ 1 , δ 2 are given by 
Conclusion
The results of this paper clarify the relationship between the well known periodic solutions of various nonlinear differential equations and those obtained recently by us using the idea of judicious linear superposition [7, 8] . In fact, we obtain a deep connection between the highly nonlinear Landen transformation formulas involving changes of the modulus parameter and certain linear superpositions of an arbitrary number of Jacobi elliptic functions. Further, we have found that using the identities with and without alternating signs along with Landen transformations, one can obtain novel Landen formulas for suitable combinations of Jacobi elliptic functions. In this context, it is worth recalling that recently we have also obtained cyclic identities with arbitrary weight factors and a large number of local identities [12] . It would be very interesting if these could also be profitably combined with the Landen transformations. 
